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5 Continuous space-time transformations ∗
Cle´ment de Seguins Pazzis†, Peter Sˇemrl‡
Abstract
We prove that every continuous map acting on the four-dimensional
Minkowski space and preserving light cones in one direction only is either
a Poincare´ similarity, that is, a product of a Lorentz transformation and
a dilation, or it is of a very special degenerate form. In the presence of
the continuity assumption the main tool in the proof is a basic result from
the homotopy theory of spheres.
AMS classification: 15A86, 55E40, 83A05.
Keywords: Minkowski space, space-time event, hermitian matrix, coherency,
adjacency, homotopy.
1 Introduction and statement of the main result
1.1 The problem
Throughout the paper R4 = {(x, y, z, t) : x, y, z, t ∈ R} will be equipped with
the standard topology. At the foundations of relativity theory lies the Lorentz-
Minkowski indefinite inner product defined by
〈(x, y, z, t), (u, v, w, s)〉 = −xu− yv − zw + ts.
A fundamental result due to Alexandrov [1, 2, 3] (see also [4, 13]) states that
every bijective map φ : R4 → R4 with the property that for every pair of
space-time events (r1, r2) ∈ (R4)2 we have
〈r1 − r2, r1 − r2〉 = 0 ⇐⇒ 〈φ(r1)− φ(r2), φ(r1)− φ(r2)〉 = 0 (1)
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is of the form
φ : r ∈ R4 7→ k Qr + a, (2)
where k is a positive real number, a is a vector in R4, and Q is a 4× 4 Lorentz
matrix, that is, a matrix satisfying QMQt = M , where
M =

−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
 .
For a physical interpretation of the above theorem we refer to [11, p.691]. Let
us just mention that for a given r ∈ R4 the set {s ∈ R4 : 〈s− r, s− r〉 = 0} is
called the light cone with vertex r.
Because of its importance in the mathematical foundations of relativity the-
ory, Alexandrov’s theorem has been improved in several directions. Instead of
the four-dimensional Minkowski space one can consider Minkowski spaces of
any dimension ≥ 3 or even infinite-dimensional Minkowski spaces, maps can be
defined on domains of Minkowski spaces (then, besides Lorentz maps composed
with dilations, inversions and singular double inversions satisfy property (1) ),
such maps were considered with the bijectivity assumption relaxed to injectivity
only or to surjectivity only, the relation (1) can be replaced by a similar one
with “=” replaced by either “≥”, or “>”, etc. An interested reader can find
this kind of results in [5, 6, 9, 10, 11, 12] and the references therein.
When such maps are defined on the whole Minkowski space (not just on some
open domain), these results can be considered as various possible derivations
of Lorentz transformations under weak mathematical properties and the proofs
are often based on certain improvements of the fundamental theorem of affine
geometry under weak assumptions.
In this paper we will describe the general form of continuous maps φ : R4 →
R4 with the property that for every pair of space-time events r1, r2 ∈ R4 we
have
〈r1 − r2, r1 − r2〉 = 0⇒ 〈φ(r1)− φ(r2), φ(r1)− φ(r2)〉 = 0. (3)
We assume neither injectivity nor surjectivity and we assume that the condition
〈r1 − r2, r1 − r2〉 = 0 is preserved in one direction only. Still, under these very
weak assumptions (besides the weak preserving property our only assumption
is continuity) we get almost the same conclusion as in Alexandrov’s classical
result. Namely, such maps are either Poincare´ similarities, that is, Lorentz
transformations composed with dilations as in (2), or they are of a very special
degenerate form that can be completely described.
As far as we know our approach is completely different from known proof
techniques. It has been known before [7] that our problem has an equivalent
reformulation as the one of characterizing coherency preserving maps on 2 by 2
hermitian matrices. Combining elementary linear algebra and geometric tech-
niques with topological tools (we will use one basic result from the homotopy
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theory of spheres) we will show that continuous coherency preservers on 2 by
2 hermitian matrices are either degenerate, or they preserve adjacency. It has
been known before (here, nontrivial methods from geometry are needed) that
non-degenerate adjacency preservers are of the standard form. First, let us make
clear what we mean by a degenerate coherency preserver:
Definition 1.1 A continuous coherency preserver φ : R4 → R4 is called de-
generate when its range is included in a light cone.
Now, we can state our main result:
Theorem 1.1 Let φ : R4 → R4 be a continuous map satisfying (3). Then
either φ is a Poincare´ similarity, or φ is degenerate.
A constructive description of all degenerate continuous coherency preservers
is given in Section 3.
1.2 Restatement in terms of hermitian matrices
Our problem can be put into the broader context of real quadratic spaces: let
(V, q) be a real quadratic space, i.e. V is a real vector space and q is a quadratic
form on V . The polar form (x, y) 7→ 12 (q(x + y) − q(x) − q(y)) of q is denoted
by bq. The quadratic space (V, q) is called a Minkowski space when V is
finite-dimensional and q has signature (1, n − 1), where n := dimV is greater
than 1 (in that case, q is non-degenerate).
In that context, two points x, y in V are called coherent whenever q(x−y) =
0, and they are called adjacent whenever they are coherent and x 6= y. Given
a ∈ V , the coherency cone of a is defined as
C(a) := {m ∈ V : q(m− a) = 0}.
Note that C(a) = a+ C(0).
A coherency preserver is a map φ : V → V that satisfies
∀(a, b) ∈ V 2, q(b− a) = 0⇒ q(φ(b)− φ(a)) = 0;
such a map is called degenerate when the range of φ is included in a coherency
cone.
A linear similarity of (V, q) is a bijective linear transformation u for which
there is a nonzero scalar λ such that ∀x ∈ V, q(u(x)) = λ q(x). An affine
similarity of (V, q) is the composite of a linear similarity with a translation.
It is known that the Poincare´ similarities are the affine similarities of (R4, r 7→
〈r, r〉). Thus, our main theorem can be reformulated as follows:
Theorem 1.2 Let (V, q) be a 4-dimensional Minkowski space and φ : V → V
be a continuous coherency preserver. Then φ is an affine similarity or it is
degenerate.
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As all Minkowski spaces with a given dimension are isometric, proving Theo-
rem 1.2 only requires that we prove it for a particular 4-dimensional Minkowski
space.
An important example of such a space consists of H2, the space of all 2 by 2
hermitian matrices, equipped with the quadratic form det. For any such matrix
M =
[
t+ z x+ iy
x− iy t− z
]
,
we have
detM = −x2 − y2 − z2 + t2,
and it is then easily seen that (H2, det) is a Minkowski space (it is isomet-
ric to the standard Minkowski space (R4, r 7→ 〈r, r〉) through (x, y, z, t) 7→[
t+ z x+ iy
x− iy t− z
]
). Two matrices A and B of H2 are coherent if and only
if A − B is singular, and they are adjacent if and only if A − B has rank 1.
Note that this corresponds to the usual notion of adjacency between matrices
with the same format. A map φ : H2 → H2 is called an adjacency preserver
if φ(A) and φ(B) are adjacent whenever A and B are adjacent. Since A and
B are coherent if and only if A = B or A and B are adjacent, the problem
of describing the general form of coherency preservers is closely related to the
one of characterizing adjacency preservers. The study of adjacency preservers
was initiated by Hua seven decades ago. The optimal version of his theorem for
hermitian matrices has been obtained only very recently [8]. It reads as follows.
Theorem 1.3 Let φ : H2 → H2 be an adjacency preserver. Then one of the
following holds.
1. There exist S ∈ H2, a rank one orthogonal projection R, and a function
ρ : H2 → R such that ∀A ∈ H2, φ(A) = ρ(A)R + S.
2. There exist c ∈ {−1, 1}, an invertible 2 by 2 complex matrix T , and S ∈ H2
such that either
∀A ∈ H2, φ(A) = c TAT
∗ + S, (4)
or
∀A ∈ H2, φ(A) = c TA
t T ∗ + S. (5)
Clearly, the map A 7→ ρ(A)R+ S preserves adjacency if and only if we have
ρ(A) 6= ρ(B) whenever A and B are adjacent. An example of such a function ρ
is ρ(A) = trace (A). Indeed, if A and B are adjacent, then B−A is of rank one
and as it is diagonalizable we find trace (B −A) 6= 0.
Every map of the form (4) or of the form (5) will be called a standard
adjacency preserver.
In fact, in [8] adjacency preservers from the set of all m by m hermitian
matrices into the set of all n by n hermitian matrices, where m and n are
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arbitrary positive integers, were described. We have formulated the result only
for the 2 by 2 matrices as only this low-dimensional case is needed to solve our
problem.
Clearly, every adjacency preserver is a coherency preserver. The first im-
pression might be that the problems of characterizing adjacency preservers and
coherency preservers are almost the same. But it turns out that the second
one is much more difficult. A first evidence might be that degenerate adja-
cency preserving maps are of an extremely simple form, while the structure of
non-standard coherency preservers is more complicated. We have a complete
description of adjacency preservers between matrix spaces of arbitrary dimen-
sions while at present the description of coherency preservers seems to be out
of reach even in the simplest 2 by 2 case.
It is well-known that the standard adjacency preservers as described in (4)
and (5) are the affine similarities of (H2, det). It follows that in order to establish
Theorem 1.2 it suffices to prove the following result:
Theorem 1.4 Let (V, q) be a Minkowski space whose dimension is greater than
3, and let φ : V → V be a continuous coherency preserver. Then either φ
preserves adjacency, or it is degenerate.
1.3 Structure of the article
In Section 2, we state a few basic results on Minkowski spaces that will be
used throughout the rest of the article. Section 3 features a constructive view of
continuous degenerate coherency preservers on 4-dimensional Minkowski spaces.
The last section, which is independent on the results of Section 3, consists of
the proof of Theorem 1.4. This proof is mostly self-contained, with the notable
exception of the use of some tools from the homotopy theory of spheres.
2 Basic lemmas
2.1 Maximal coherent sets
The following results are well-known but we reprove them for the sake of com-
pleteness.
Lemma 2.1 Let (V, q) be a Minkowski space. Let a, b, c be pairwise coherent
points of V . Then, a, b, c belong to the same affine line.
Proof. Setting x := b − a and y := c− b, we have q(x) = q(y) = q(x + y) = 0.
Thus, bq(x, y) = 0. If x and y were linearly independent, Span(x, y) would be a
two-dimensional totally isotropic subspace of V , contradicting the fact that the
Witt index of q equals 1.
✷
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A coherent set in a Minkowski space (V, q) is a subset of V whose elements
are pairwise coherent. As an obvious corollary to the above lemma, we get:
Corollary 2.2 The maximal coherent subsets of a Minkowski space V are the
lines of the form a+Rx in which a ∈ V and x ∈ C(0) \ {0}.
With a similar way of reasoning as above, one shows that every line that is
included in C(a) must go through a.
2.2 Intersection of coherency cones
Throughout the rest of the section, (V, q) denotes an arbitrary Minkowski space.
Lemma 2.3 Let ‖ − ‖ be an arbitrary norm on the Minkowski space V . There
exists a constant M > 0 such that, for all x and y in V , there exists z ∈
C(x) ∩ C(y) such that
‖z − x‖ ≤M ‖y − x‖.
Proof. Denote by n the dimension of V . No generality is lost in assuming that
V = Rn, q : (x1, . . . , xn) 7→ x2n−
∑n−1
k=1 x
2
k, and the norm under consideration is
the standard Euclidean norm (x1, . . . , xn) 7→
√∑n
k=1 x
2
k. Letting (x, y) ∈ V
2,
we prove that there is some z ∈ C(x)∩C(y) such that ‖z−x‖ ≤ ‖y−x‖. In this
respect, one sees that by applying a translation followed with a transformation of
the form (−→u , t) 7→ (Q−→u , t) with Q ∈ O(Rn−1), no generality is lost in assuming
that x = (0, . . . , 0) and y = (0, . . . , 0, a, b) for some (a, b) ∈ R2, in which case
one checks that z :=
(
0, . . . , 0, a+b2 ,
a+b
2
)
has the required properties.
✷
The following result is probably known but we have not been able to find
any reference to it in the literature.
Lemma 2.4 Let (V, q) be a Minkowski space whose dimension is greater than 3.
Let a, b, c be pairwise non-collinear vectors in C(0). Then there exists d ∈ V \C(0)
that is coherent with a, b and c.
Proof. Denote by B the polar form of q and by ⊥ the orthogonality relation
that is associated with it. Then, the problem amounts to finding d ∈ V such
that q(d) 6= 0 and 2B(a, d) = 2B(b, d) = 2B(c, d) = q(d).
The space P := {a− b, b− c}⊥ has dimension at least 2. Note that a, b, c are
linearly independent: indeed, the contrary would yield a 2-dimensional subspace
W of V that contains a, b, c, and hence the quadratic form q would vanish on
three distinct 1-dimensional subspaces of W : it would follow that q vanishes
everywhere on W , contradicting the fact that the Witt index of q equals 1.
Then, a, a− b, b− c are also linearly independent.
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As q is non-degenerate, this leads to P 6⊂ {a}⊥; in other words d 7→ B(d, a)
does not vanish everywhere on P . Moreover, as the Witt index of q equals 1 the
quadratic form q does not vanish everywhere on P either. Thus, the product of
the polynomial maps d 7→ B(d, a) and d 7→ q(d) cannot vanish everywhere on
P , which yields a vector d0 ∈ P such that B(d0, a) 6= 0 and q(d0) 6= 0.
It follows that the polynomial q(t d0−a) = t2q(d0)−2tB(d0, a) in the variable
t has exactly two real roots: we denote by t0 the nonzero one. Then, with
d := t0 d0, we find that q(d) = t
2
0 q(d0) 6= 0 and q(d − a) = 0, the latter
of which leads to q(d) = 2B(d, a). As d belongs to {a − b, b − c}⊥, we have
2B(d, a) = 2B(d, b) = 2B(d, c). Therefore, d has the required properties.
✷
3 A constructive view of degenerate maps
Set
Q :=
{
(x, y, z, 1) | (x, y, z) ∈ R3, x2 + y2 + z2 = 1
}
.
Note that Q ⊂ C(0) and that every nonzero element of C(0) can be written in a
unique way as t s with t ∈ R∗ and s ∈ Q. In particular, space-time events in Q
are coherent if and only if they are equal.
Using this notation, we can give a constructive description of all degenerate
continuous coherency preserving maps on R4:
Proposition 3.1 Let φ : R4 → R4 be an arbitrary map. The following condi-
tions are equivalent:
(a) φ is a degenerate continuous coherency preserver.
(b) There exist a countable set J , a family (Uj)j∈J of pairwise disjoint open
subsets of R4, a family (sj)j∈J of vectors of Q, a space-time event s′ and
a continuous map f : R4 → R such that:
(i) For all distinct j and j′ in J and all r ∈ Uj and r′ ∈ Uj′ , one has
〈r − r′, r − r′〉 6= 0;
(ii) The map f vanishes everywhere on R4 \
⋃
j∈J Uj;
(iii) For all r ∈ R4,
φ(r) =
{
s′ + f(r).sj if r ∈ Uj
s′ otherwise.
In (b), note that in the case when J is the empty set the map φ is a constant
map sending all space-time events to s′.
Proof. Assume first that condition (b) holds. Obviously, the range of φ is
included in C(s′) and hence φ is degenerate. Next, we show that φ is continuous
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and that it satisfies (3). If the sequence of space-time events (rn) converges to r
and r ∈ Uj for some j, then rn ∈ Uj for all n that are large enough, and hence
φ(rn) converges to φ(r) because f is continuous. If, on the other hand, r does not
belong to any of the sets Uj, then f(rn)→ f(r) = 0 as n tends to infinity, and
because Q is bounded we see that φ(rn)→ s′ = φ(r) as n→∞. Therefore, φ is
continuous. Let r1 and r2 in R
4 be such that 〈φ(r1)−φ(r2), φ(r1)−φ(r2)〉 6= 0.
As ∀j ∈ J, 〈sj , sj〉 = 0, we deduce that r1 ∈ Uj and r2 ∈ Uj′ for some distinct
j and j′ in J and it follows from our assumptions that 〈r1 − r2, r1 − r2〉 6= 0.
Therefore, φ preserves coherency.
Conversely, assume that condition (a) holds. The range of φ is then included
in C(s′) for some space-time event s′. We can write φ(r)− s′ = (?, ?, ?, f(r)) for
all r ∈ R4. The map f : R4 → R is then continuous and hence U := f−1(R∗)
is an open subset of R4 (possibly empty). The map
g : r ∈ U 7→
1
f(r)
(φ(r) − s′)
is obviously continuous and its range is included in Q. For s ∈ Q, set Us :=
g−1({s}), so that the subsets Us are pairwise disjoint and their union equals U .
Next, we prove that each subspace Us is open in U . To do so, we prove
that g is locally constant on U . Let r0 ∈ U . By Lemma 2.3, we can find a
neighborhood U ′ of r0 in U such that for all r ∈ U ′, there exists r′ ∈ U that is
coherent with both r0 and r. Let r ∈ U
′. Then, we obtain r′ ∈ U ∩C(r0)∩C(r).
The space-time events φ(r0) and φ(r
′) are coherent and belong to C(s′)\{s′}. By
Lemma 2.1, it follows that g(r0) and g(r
′) are collinear, and hence g(r0) = g(r
′).
Similarly, we obtain g(r) = g(r′), and hence g(r0) = g(r). Thus, g is locally
constant on U . It follows that Us is an open subset of U , and hence of R
4, for
all s ∈ Q.
Finally, set J := {s ∈ Q : Us 6= ∅}. As R4 is separable the set J is
countable. Then, we know that (Us)s∈J is an open cover of U and that f
vanishes everywhere on R4 \ U , and it is straightforward to check that
∀r ∈ R4, φ(r) =
{
s′ + f(r).s if r ∈ Us
s′ otherwise.
Finally, let j and j′ be different elements of J , and let r ∈ Uj and r′ ∈ Uj′ .
Then, as g(r) 6= g(r′), the events φ(r) and φ(r′) are non-coherent, and hence r
and r′ are non-coherent. Thus, all the requirements in (b) are fulfilled.
✷
We next show that it is easy to construct such degenerate maps. All we need
to do is to find a family of open sets Un, n ∈ N, and a continuous function f
with the above properties. Let Un, n ∈ N, be an ε-neighbourhood (with respect
to the usual Euclidean distance) of the space-time event (n, 0, 0, 0). By choosing
ε small enough we find that 〈r− s, r− s〉 6= 0 for every pair of space-time events
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(r, s) ∈ Um × Un with distinct non-negative integers m and n. If we choose
arbitrary nonzero continuous functions fn : R
4 → R with support in Un, for
n ∈ N, then it is straightforward to check that the function
f : r 7→
{
fn(r) if r ∈ Un
0 otherwise
is continuous.
4 From coherency preservers to adjacency pre-
servers
4.1 General considerations
In proving Theorem 1.4 for all n-dimensional Minkowski spaces, it suffices to
address the situation of a particular one. Thus, we fix an integer n ≥ 4 and we
consider the space V = Rn equipped with the quadratic form
q : (x1, . . . , xn) 7→ x
2
n −
n−1∑
k=1
x2k.
The polar form of q is denoted by B. In V , we have a particular subset
Q =
{
(x1, . . . , xn−1, 1) | (x1, . . . , xn−1) ∈ R
n−1,
n−1∑
k=1
x2k = 1
}
and the linear form
η : (x1, . . . , xn) 7→ xn.
Every nonzero vector x of C(0) then splits in a unique fashion as x = t p for some
t ∈ R∗ and some p ∈ Q, and more precisely we have t = η(x) and p = 1
η(x) x.
For any a ∈ V , we define
pia :
{
C(a) \ {a} → Q
m 7→ 1
η(m−a) (m− a)
and we note that it is an open mapping. Obviously, Q is homeomorphic to the
(n− 2)-dimensional sphere Sn−2. In particular, it is compact and connected.
Clearly, if φ : V → V is a coherency preserver, then φ maps every coherent
line into some coherent line. Using pia, the set of all coherent lines through the
point a can be identified with Q.
We finish with the simple observation – that will be used repeatedly in the
rest of the section – that composing a map φ : V → V with translations on both
sides affects neither the assumptions nor the conclusion of Theorem 1.4.
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4.2 Images of coherent lines
Proposition 4.1 Let φ : V → V be a continuous coherency preserver. Assume
that φ is constant on some coherent line. Then φ is degenerate.
Proof. No generality is lost in assuming that φ is constant on Ra for some
a ∈ C(0) \ {0}. Let x ∈ V be such that B(a, x) 6= 0. As ∀t ∈ R, q(ta − x) =
−2B(a, x)t+q(x), some point b ∈ Ra is coherent with x, so that φ(x) is coherent
with φ(b) = φ(0).
The set {x ∈ V : B(a, x) = 0} is a linear hyperplane of V and hence
{x ∈ V : B(a, x) 6= 0} is dense in V . Since C(φ(0)) is a closed subset of V and
φ is continuous, we conclude that the range of φ is included in C(φ(0)).
✷
We will assume from now on that the continuous coherency preserver φ :
V → V is not degenerate. Then, by Proposition 4.1, for every point a ∈ V and
every vector p ∈ Q, there exists a unique p′ ∈ Q such that φ maps a+Rp into
φ(a) +Rp′. Hence, for each a ∈ V the map φ induces a map
ϕa : Q→ Q
such that
∀a ∈ V, ∀p ∈ Q, φ(a+Rp) ⊂ φ(a) +Rϕa(p).
Lemma 4.2 The map Φ : V ×Q → Q defined by
Φ : (a, p) 7→ ϕa(p)
is continuous.
Proof. Assume that a sequence (an) ∈ V
N converges to a and a sequence
(pn) ∈ QN converges to p. We choose a real number t0 such that φ(a + t0 p) =
φ(a)+λϕa(p) for some nonzero real number λ. By the continuity of φ we know
that
φ(an + t0 pn) = φ(an) + sn ϕan(pn)→ φ(a) + λϕa(p)
as n→∞, and since φ(an) converges to φ(a), we have
sn ϕan(pn)→ λϕa(p)
as n → ∞. By taking the last coordinate, it follows that lim sn = λ, and as
λ 6= 0 we conclude that limϕan(pn) = ϕa(p), as desired.
✷
As Q is compact, the compact-open topology on C(Q,Q) – the space of all
continuous functions from Q to itself – coincides with the topology of uniform
convergence. A straightforward consequence of the above lemma is that the
map from V to C(Q,Q) given by a 7→ ϕa is continuous.
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4.3 The existence of a non-degenerate generic point
Let φ : V → V be a non-degenerate continuous coherency preserver. We denote
by W ⊂ V the set of all points b ∈ V such that φ−1({b}) has nonempty interior
in V . By separability of V , the set W is countable. We will call a point a ∈ V
generic if φ(a) 6∈ W .
Proposition 4.3 Let φ : V → V be a non-degenerate continuous coherency
preserver. Then there exists a generic point a such that ϕa is nonconstant.
Proof. We perform a reductio ad absurdum by assuming that ϕa is constant for
every generic point a. There are three main steps: we shall successively prove:
• That ϕa is constant for all a ∈ V ;
• That a 7→ ϕa is constant on V ;
• And finally that φ maps V into a coherent line.
Let a ∈ V . We shall prove that ϕa is locally constant. Let p ∈ Q. As φ
is continuous and nonconstant on the line a + Rp, it takes uncountably many
values on it, and hence we can find b ∈ a + Rp that is generic and such that
φ(b) 6= φ(a).
Let us consider an arbitrary norm ‖−‖ on V , and denote byM ≥ 1 a constant
satisfying the conclusion of Lemma 2.3 for that norm. As φ is continuous at b,
we can choose ε > 0 such that φ(m) 6= φ(a) for all m ∈ V such that ‖m−b‖ ≤ ε.
The set C(a) \ {a} is homeomorphic to R∗ ×Q, and both R∗ and Q are locally
connected. It follows that there exists a connected neighborhood ∆ of b in
C(a) \ {a} that lies within the closed ball with center b and radius ε
M
· Then,
∆˜ := pia(∆) is a connected neighborhood of p in Q (remember that pia is an
open mapping): in the next step we shall prove that ϕa is constant on ∆˜.
Let b′ be a generic point in ∆. As ‖b′− b‖ ≤ ε
M
, we find some m ∈ V that is
coherent with both b and b′ and that satisfies ‖m− b‖ ≤M‖b′ − b‖ ≤ ε. Thus,
φ(m) is different from φ(a), and it must belong to both lines (φ(a)φ(b)) and
(φ(a)φ(b′)) as ϕb and ϕb′ are constant. It follows that (φ(a)φ(b)) = (φ(a)φ(b
′)).
We conclude that ϕa(pia(b
′)) = ϕa(pia(b)) for every generic point b
′ in ∆. How-
ever, the set of all vectors ϕa(pia(b
′)) = piφ(a)(φ(b
′)), with non-generic b′ ∈ ∆,
is countable. It follows that ϕa(∆˜) is countable. On the other hand, as ϕa is
continuous and ∆˜ is connected the space ϕa(∆˜) is connected. We conclude that
ϕa(∆˜) consists of a single point, which proves our claim.
Thus, ϕa is locally constant. As Q is connected and ϕa is continuous we
conclude that ϕa is constant.
Now, we move on to our second step. Let a and b be two points of V .
Assume first that a and b are adjacent. Denoting by p the sole vector in Q such
that φ((ab)) ⊂ φ(a) + Rp, we see that both maps ϕa and ϕb take the value p,
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and as they are constant we deduce that they are equal. In the general case,
Lemma 2.3 yields a point c that is coherent with both a and b, and we deduce
that ϕa = ϕc = ϕb.
Now, we have a vector p ∈ Q such that φ(b) ∈ φ(a) +Rp for every coherent
pair (a, b). Let a ∈ V . Then there is a point b that is coherent with both 0
and a, and hence there are scalars α and β such that φ(a) − φ(b) = α p and
φ(b) − φ(0) = β p. Thus, φ(a) = φ(0) + (α + β) p. Therefore, the range of φ is
included in the coherent line φ(0)+Rp, which is itself included in C(φ(0)). This
contradicts the assumption that φ is non-degenerate.
✷
4.4 When 0 is a non-degenerate generic point
The aim of this section is to prove the following statement, which is the main
part of our proof of Theorem 1.4.
Proposition 4.4 Let φ : V → V be a continuous coherency preserver. Assume
that φ is not degenerate, φ(0) = 0 and ϕ0 is nonconstant. Assume further that
0 is generic. Then φ preserves adjacency.
The proof will be carried out in a few steps that will be formulated as lemmas.
Lemma 4.5 Let φ : V → V be as in Proposition 4.4. Then φ maps C(0) \ {0}
into itself.
Proof. Assume on the contrary that φ(a) = 0 for some a ∈ C(0) \ {0}. Since ϕ0
is continuous and nonconstant, its range contains at least three different points.
It follows that there exist vectors b, c in C(0) \ {0} such that a, b, c are pairwise
non-coherent and φ(b) and φ(c) are non-coherent elements of C(0). According
to Lemma 2.4 there exists d ∈ V \ C(0) that is coherent with a, b, and c. We
claim that φ(m) = 0 for all m in some neighborhood of d, contradicting the
assumption that 0 is generic.
Among the points of Rb, we see that b is coherent with d but 0 is not.
Thus, the affine map t 7→ q(d− tb) = q(d)− 2B(d, b)t is nonconstant, and hence
B(d, b) 6= 0. Similarly B(d, c) 6= 0. Thus, as B is continuous we can find a
neighborhood U of d such that
∀m ∈ U, B(m, b)B(m, c) 6= 0.
Let m ∈ U . One checks that the sole point of Rb that is coherent with m is
q(m)
2B(m,b) b, and ditto for b replaced with c. As φ is continuous and φ(b) 6= 0 and
φ(c) 6= 0, we deduce that there is a neighborhood U ′ of d such that U ′ ⊂ U and
every m ∈ U ′ is coherent with some b′ ∈ Rb for which φ(b′) 6= 0 and with some
c′ ∈ Rc for which φ(c′) 6= 0.
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Let m ∈ U ′ be such that φ(m) is coherent with 0, and let b′ and c′ be as
above with respect to m. Then, φ(m), φ(0) = 0 and φ(b′) are pairwise coherent,
and hence φ(m) ∈ Rφ(b′). Similarly φ(m) ∈ Rφ(c′) and hence φ(m) = 0 as
φ(b′) and φ(c′) are non-collinear. In particular φ(d) = 0 since φ(d) is coherent
with φ(a) = 0.
Finally, Lemma 2.3 yields a neighborhood U ′′ of d such that U ′′ ⊂ U ′ and
for every m ∈ U ′′, there exists m′ ∈ U ′ that is coherent with both d and m. Let
then m ∈ U ′′, and take m′ as above. As φ(m′) is coherent with φ(d) = 0, we
find that φ(m′) = 0, and then applying the same principle once more leads to
φ(m) = 0. Thus, φ vanishes everywhere on U ′′, contradicting the assumption
that 0 is generic.
✷
Lemma 4.6 Let φ : V → V be as in Proposition 4.4. Then the map ϕ0 is
injective.
Proof. Assume on the contrary that there exist non-collinear vectors a and b
in C(0) \ {0} such that φ(a) and φ(b) are coherent. The map t 7→ φ(t b) is
continuous from the unit interval and takes different values φ(0) and φ(b) on
its boundary points. Hence, replacing b by t b for a suitable nonzero t from the
unit interval, we may assume further that φ(a) 6= φ(b).
The assumption that ϕ0 is nonconstant yields the existence of some c ∈
C(0) \ {0} such that φ(c) is not coherent with φ(a). Then clearly, c is coherent
neither with a, nor with b. Lemma 2.4 yields some d ∈ V \ C(0) that is coherent
with a, b, and c. But then φ(d) is coherent with φ(a) and φ(b), and thus φ(d)
belongs to the coherent line through these two points, which goes through 0.
The coherency of φ(d) with φ(c) then yields that φ(d) = 0.
As in the previous lemma we can find a neighborhood U of d such that for
every m ∈ U the point φ(m) is coherent with t φ(a) and s φ(a) for some nonzero
real numbers t, s with t 6= s, and φ(m) is coherent also to r φ(c) for some nonzero
real number r. But then, as before, φ(m) = 0 for all m ∈ U , contradicting our
assumption that 0 is generic.
✷
Lemma 4.7 Let φ : V → V be as in Proposition 4.4. Then the map ϕ0 is a
homeomorphism.
Proof. The map ϕ0 is injective and continuous from Q to itself. By the in-
variance of domain theorem ϕ0(Q) is open in Q. On the other hand ϕ0(Q) is
compact in Q. As Q is connected we deduce that ϕ0(Q) = Q.
✷
Lemma 4.8 Let φ : V → V be as in Proposition 4.4. Then for every a ∈ V
the map ϕa is nonconstant.
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Proof. Here we will apply the homotopy theory of spheres. The range of the
continuous map a ∈ V 7→ ϕa is arcwise connected in C(Q,Q). Since ϕ0 is a
homeomorphism, every map in its arcwise component in C(Q,Q) is of the same
degree which is either 1 or −1, and hence such a map must be nonconstant.
✷
Lemma 4.9 Let φ : V → V be as in Proposition 4.4. Then every a ∈ V is
generic for φ.
Proof. Assume this is not true. Then there exists a nonempty open subset
U ⊂ V on which φ is constant. Let D be an arbitrary coherent line through
some point a of U . We know that φ is continuous and nonconstant on D and
hence the range of the restriction of φ to D is uncountable. Therefore we can
find b ∈ D such that φ(b) 6∈ W , the set of all points in V whose φ-preimages
have nonempty interior in V . In particular, a 6= b and b is generic. We have
a− b = s p for some nonzero real number s and some vector p ∈ Q. If p′ 6= p is a
vector of Q close enough to p, then b+ s p′ ∈ U . Both lines, one going through
b and a, and the other one going through b and b+ s p′ are mapped into the line
going through φ(b) and φ(a) = φ(b + s p′). Thus, the map ϕb is not injective.
This contradicts Lemma 4.6 applied to the map m 7→ φ(m+ b)− φ(b).
✷
We are now ready to complete the proof of the main result of this section.
Proof of Proposition 4.4. Let a and b be adjacent points of V . Then b is generic
and ϕb is nonconstant. Applying Lemma 4.5 to the map m 7→ φ(m+ b)− φ(b),
we conclude that φ((a− b) + b)− φ(b) is a nonzero element of C(0), as desired.
✷
4.5 Conclusion
Now, we can finish the proof of Theorem 1.4. Let φ : V → V be a continuous co-
herency preserver. Assume that φ is non-degenerate. By Proposition 4.3, there
exists a generic point a such that ϕa is nonconstant. Then, the continuous co-
herency preserverm 7→ φ(m+a)−φ(m) satisfies the assumptions of Proposition
4.4, and hence it preserves adjacency. Therefore, φ preserves adjacency.
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